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Abstract

T

We summarize our work on spherically symmetric midi-superspaces in loop quantum gravity. Our ap-
proach is based on using inhomogeneous slicings that may penetrate the horizon in case there is one and on
a redefinition of the constraints so the Hamiltonian has an Abelian algebra with itself. We discuss basic and
improved quantizations as is done in loop quantum cosmology. We discuss the use of parameterized Dirac
observables to define operators associated with kinematical variables in the physical space of states, as a first
step to introduce an operator associated with the space-time metric. We analyze the elimination of singular-
ities and how they are replaced by extensions of the space-times. We discuss the charged case and potential
observational consequences in quasinormal modes. We also analyze the covariance of the approach. Finally,
we comment on other recent approaches of quantum black holes, including mini-superspaces motivated by

loop quantum gravity.
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Introduction

515

The study of situations of high symmetry in which one first applies the symmetry to the classical theory
and then proceeds to quantize has proven a valuable tool to probe potential regimes of quantum gravity in a
scenario where detailed, well-controlled, calculations are possible. A prime example of this is loop quantum
cosmology (LQC) [1] where spatial homogeneity is imposed before quantization. It hasled to several attractive
insights like the elimination of the Big Bang singularity, even though it implies a radical reduction of the
degrees of freedom of the theory (from infinitely many to a finite number). It is a natural progression to
attempt to consider situations with less symmetry. In that context, spherically symmetric space-times appear
as an attractive scenario since they include the important case of black holes. And although general relativity
with spherical symmetry does not have field-theoretic degrees of freedom on-shell, initially the treatment
resembles that of a situation with infinitely many degrees of freedom. In particular, the constraints of the
theory do not form a Lie algebra, but an algebra with structure functions like in the full theory. This can be
a significant impediment to complete the Dirac quantization of the theory, as there are several well-known
obstacles that the structure functions introduce [2]. It therefore came as a welcome surprise when it was noted
that a rescaling [3, 4] of the constraints can actually turn them into a Lie algebra. We are not aware of any

deep reason for the emergence of this possibility for these models. In particular, it does not seem to survive



the inclusion of matter. But, nevertheless, it allows to complete the Dirac quantization and discuss interesting

properties in the vacuum case.
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In this manuscript, we will review our work on spherical symmetry, which is based on the use of inhomo-
geneous slices that may penetrate horizons when they are present and become homogeneous inside. There
are other approaches to spherical symmetry that focus on the interiors of black holes exploiting the isometry
of the
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Schwarzschild interior with the Kantowski-Sachs space-times, and some consider extensions to the ex-
terior. There is a significant literature on the subject (see [5] and references therein), and we will dedicate a
section at the end of this chapter. A separate review of our work is present in [8].

SERLPE N RS AR R B s N s B SRR, IR A SR BRON PR 75 TE A A& S B SR
TRFAANES, WA TSR TN R, KT ZEECE KRBTSR (I [5] A H
FZEXR), BMNKEREREBLTH—Tie, BM5HE R ILIEZEN (8]

New Variables for Gravity with Spherical Symmetry

ERMFRS | 10972 1

Ashtekar’s new variables cast general relativity in terms of quantities that resemble the variables of an
SU (2) Yang-Mills theory. Spherically symmetric configurations in that theory were already considered in the
1970s by Cordero and Teitelboim [6]. Their results can be adapted to the Ashtekar’s variables context and were
discussed in detail by Bojowald and Swiderski [7]. We will not conduct a full review of the spherical reduction
here but just introduce the resulting variables and their connection to the traditional metric variables. One
is left with a “radial” and “transverse” components of the triads E* and E? , respectively. We call the radial
variable x so as not to prejudice in terms of a particular radial coordinate like isotropic or Schwarzschild. Their

canonically conjugate momenta are denoted by K, and K, , respectively, with Poisson brackets,
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{Kx (%), E¥ (X)} = G& (x — %),

{Kp (x),E? ()} = GS (x — %), @
with G Newton’ s constant. We take the Immirzi parameter to 1 .
Hrp G A5 L, BATROCRIRTTSEON 1.

The relationship with the traditional metric variables is,
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The use of symmetry-adapted variables obviously implies to work in a restricted set of coordinates (gauges).
This eliminates the Gauss law usually present in the Ashtekar formulation. One is left with one diffeomor-
phism constraint in the radial variable and the Hamiltonian constraint. In terms of the variables we are

considering, they take the form,
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where prime is derivative with respect to the radial coordinate x . These expressions are valid for EX > 0
. They can be extended to the full real axis substituting E* by |E*| . These constraints have the same algebra
as in the full theory, in particular the Poisson brackets of two Hamiltonian constraints are proportional to the
diffeomorphism constraint, and the proportionality factor is a structure function that involves the metric. It is
therefore not a Lie algebra and faces the same wellknown difficulties about promoting it to a quantum algebra

of self-adjoint operators as one has in the full theory we mentioned before [2].
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It should be noted, however, that the variable K, appears undifferentiated in both the Hamiltonian and
diffeomorphism constraints. This suggests the possibility of eliminating it. So performing the linear combi-

nation,
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one is left with a Hamiltonian constraint H ., that has vanishing Poisson bracket with itself and has
the usual Hamiltonian/diffeomorphism Poisson bracket. The algebra of constraints therefore becomes a Lie
algebra, opening the possibility of promoting the constraints to self-adjoint operators. The linear combination

is equivalent to redefining the lapse and the shift,
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We will find it more convenient to work with the smeared version of the Hamiltonian constraint. This

N,"®¥ := N, —2N
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requires some care with the falloff of the various quantities at the edges of the manifold considered. This was
discussed by Kuchaf [9] in terms of the traditional variables, and the use of the Ashtekar new variables does
not add to this discussion (apart from changes in notation) so we will not repeat it here. Details can be found
in [8]. The final result, after an integration by parts, is,

BAVRIUE R IREE IR A R R 7, X R ZEERTE B RPG 5R E &R B iY== AT
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and one has an additional pair of canonical variables at spatial infinity given by the proper time there

and the ADM mass. In the quantum case, where the singularity is removed, one may have slices with two
asymptotic regions, one outside and one inside the horizon. In that case, there will be a pair of canonical
variables associated to each of the asymptotic infinities.

A, ZERITCS A A — A ERSMYIEN 2 &, HZALRER INFI ADM FiEsA i, TR TFIEY, &
REPEHRR, FILRTREFERAPMNNEXKIRIITI R, —DEISRIN, —DEISRRN, XAEILT,
BMNIETC T IS0 N — R IEN S &

Quantization: Kinematics
g o | A oY =

Let us proceed to the quantization. We need to take into account the extra variables at infinity we men-
tioned in the last section. For them we will just consider a traditional quantization based on square integrable
functions of the ADM mass M . For the other variables, we will proceed with a loop-like quantization. It is
natural to consider one-dimensional spin networks, graphs consistent of edges adjoining vertices along the
radial direction. The variable K, is proportional to the connection A, so one can associate a traditional holon-
omy along the edges. The variable K, is a scalar and therefore is naturally associated with vertices. So for a
given graph g, we will consider a basis of states,

BATIETT AT R 7, FANTES B LTINS TN R, WiXEA R, JIPCRH
ET ADM i M VAl RE T h, M HREE, BITERAER TR, REAM,
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AU FAEGRUR, L8 K, Bing, RHERNNITE, FtdaEE g, BB EHTE
=,
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that can be translated into the connection representation as,

EA] DA IE K, Bl

T Kx,K =[] exp (lk/ dxK, (x)) TT exp (i, (v)))- (10)

ejEg vjEg
The labels k; are integers and correspond to the “color” of the edges e; of the spin network associated
with the graph g . The labels y; are real. So the kinematical Hilbert space we choose will be given by the direct
product of the square integrable functions of the ADM mass M with the Hilbert space of square summable



functions corresponding to the holonomies of K, times the Hilbert space of square integrable functions of the
Bohr compactification [10] of the K, * 5. This comes naturally endowed with an Ashtekar-Lewandowski [11]
like inner product,

PR k; NEEEL, XSGR g REKAY B BEMLRIN e; B “BE” o R p; BREL RILERATEEAY
BN AR RIAR 2 R AR 0:ADM i M B 77 TR 2 S [, e LA K, FIAROA B A 77 AT A R
ARk, FEIRLL K, PR [10] B9F77 AR R A /R (ERF S R B, %22 A B AR As T
Ashtekar-Lewandowski[11] A,

<k,,u,M | k’,,u’,M’> = 6;5,0;,5,0 (M = M'). (11)
On the kinematical Hilbert space, the operator associated with the ADM mass acts multiplicatively, and

the action of the triads is also straightforward, they also act multiplicatively,

fEIBEh A /RMAR SR L, 5 ADM BRERINE FRFERE ¥, —tEERRERE, eflF
HERIEE T,

M |g,k, i, M) = M| g, k, i, M), (12)

B (x) |g, k. fi, M) = €3k; (x)| g, k. i, M), (13)

E\(P(x) g,k,ﬁ,M)zegl Z a(x_xj),uj gak,ﬁsM>5 (14)
Ung

where k; (x) is the valence of the edge that includes the point x . If it coincides with a vertex, we take the
edge to the right. We denote the position of the vertex v; as x (U j) . We see that E? (x) on this basis of states
acts as a distribution due to the fact that classically it is a scalar density. We will concentrate on states based on
a single graph, but superpositions with different graphs can also be considered, it just leads to more complex

expressions. Superpositions were found to be relevant in the context of the fermion doubling problem [12].

Hrb kj (x) BEE S x BIAET, IR AR AT L, FATBOZTUSA MR, BA TR v;
MIRLEIEA x (v;) o ATABR], EP (x) EIZASHE EEAAS M, XEREANEHER TR — I Mri
BE, BANXEEFINCARE EE, BHRAIUEEARENEN, REEIEERNERENL, B
AWTFRRIABNIE K A0S PR 5N RAHSRE [12].

Concerning K, (x) , the only connection component that is present in the scalar constraint, the repre-

sentation adopted for it will be in terms of point holonomies of length p , whose operators are,

KTARBARPEFRIRES T8 K, (x), BADNERMASRIRER, SIURKKEN o, HETIE
X,

NEno () |8k, f, M) =| g, K, i, M), n €N, (15)




where the new vector /Tinp either has just the same components than 4 up to u j = Mjxnpif x coincides
with a vertex of the graph located at x; , or ﬁi_,np will be 4 with a new component { s Mjs TN, U1, } with
Xj <x< Xjt1 -

Ho s x ST x; NETURES, FIRE ., N RES 08w - pj+ne WRERMER; &
W, fepp FT @HE DR 0y t00, 1y, -} GER X5 < x < x4, ) R R

One can also construct other geometrical operators of physical interest, at the kinematical level, like the

total volume operator, given by

fEizsh =M, BATER DG A YRR LR T, FInE Ry, HE08

7 g,E,ﬁ,M} = 4rméy, Z i/ kj g,E,ﬁ,M}. (16)
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Dynamics: u, Style Quantization
VISR Fin - w4

To proceed to quantize the Hamiltonian constraint, we draw on the experience in loop quantum cosmol-
ogy. The action of the basic kinematical operators can be viewed as involving an ”LQC at each vertex” of the
one-dimensional spin network. Just like in that case, the operator associated with K, is not a well-defined
quantity, and one needs to “polymerize” the expressions involving it, in particular the Hamiltonian constraint,
by doing the substitution K, — sin (pK¢,) /p . Here p is a fixed parameter that would correspond to the 1 of
LQC, and it is assumed to be very small (zero in the classical limit). To promote the Hamiltonian constraint
to an operator, it is convenient to rescale it, to take a square root (this simplifies finding solutions) and choose
a factor ordering,

N T RSEMAFHT R, BAUGEER T THAPNER, EAE PR B
A ARRMASH “BAATRLEHEE 1 LQC”, MEE T FHPIIHBI—FE, 5 K, KB
AR RE R, RIS ErRAR JUHRRETAR) #17 “RE” L8, mdN
NEHLK, — sin (0K,) /o EHo AL o B—PEESE, XM LQC K o, —MBREER/ (25
RN ANE), N T RIS EILRIZT NELRF, 77 EREEN HEFRE, 777 (X R
SPERE) FHEER T,

BN = /de(x) (2{\/@(1 +sin? (oR,) /?) - 2GM}]§¢ _ {/E(@))
17)

The expression is readily promoted to an operator acting on the kinematical Hilbert space. We start with
the action on spin network functions, introducing y; = K, (x;) ,

ZRIRIA] DLERER A M RTEIE s /R B 2 B ERYERT, BATMERT B HER 2% R EHI1E
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ﬁ(N) ngﬁzl (Kx’ }_;) = Z N(vj) (kj€2131anck)
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[ZJ' - (kj - kj—l) ézPlanck ] ng{,_lk (Kx’ J—;) . (18)
with,

#

22 ~
S sin” (py;)  2GM ,
Z] o €Planck ( layj) (19)

=2 [1+ -
P NG
Notice that the action of the Hamiltonian constraint keeps invariant the valences k; . This allows one to
restrict its action only on states associated with nondegenerate triads, that is, with non-vanishing k; . This
immediately implies, as we shall see in detail later on, the elimination of the singularities associated with

degenerate triads and in particular it will eliminate the singularity inside black holes if one is to have the
metric be a self-adjoint operator, as we will see in section "The Metric as a Dirac Observable.”

ERREWMLTRAER R k; A2, RXESENTAT AR E R R ARHIE S ARB ML = PR RHk
S L, BIEAIEE k; IS, ENERMNZERFAEIIN, XEZEEWEHR T 5B =m2X
BRIOET AL, BAORTA, M%&mﬁfﬂuﬁﬁﬁﬁﬁ B THPR BRI A A, BATRE “fF
KL mE ] BRI — T eI —

To proceed to find solutions of the Hamiltonian constraint, we try a solution of the type,

AT FHNGEL R, BT g

lI‘(KqJ,Kx,g,k,M) 22 Ty, (K Kg) W (0). M) (20)
vEE H(v)
where, given (13) and (17), we will assume the integers k; satisfy k; < k, < ... < k, with i going

from 1 to V in order to avoid unnecessary redundancies in the description. From now on, we can omit the g
dependence since we only include vertices where k; changes, and therefore all information about the graph is
included in the k g > s. The information about the kj > s can be codified in 12 , and we will seek solutions with
a given k . Tt would be straightforward, though more complicated, to consider superpositions with different
kj > s, so we will omit them here, but one would expect that generic states would involve them. It turns out

that the Hamiltonian constraint can be solved, with the solution given by,

Hep, 553 (13) M1 (17), BRAMBEREE K Wk <k, < ... <k,, HiNEEEEN 18V
DU AR TP AN TR, MWIITETFIR, FRATAT AR g B, RONERAMIMNES k; kA2
RIS, RUEEMFTE S EROSEETE K o k; FEEATRGTE K, APHFHRATE k
TR, BEAE k; NEMBRREE %, @%ﬁﬁfﬁ_%{ﬁﬁ*ﬁ, RIBATTE LA, (H—REA RS
DB EZXREM, FIFHGRMA RN, Rl TG

lI‘(K(p,Kx,g,E,M) = exp(f (Ko g E,M)) T, e XD (ikjf K, (x) dx),

€j
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(21)
with the quantities

Hrh& &N
f=2 —%AijjF(sin (PKy (x7),im;)), (22)
Ung
and,
H,
-1
m; = [p\/ 1- 2GM/\/;J-€ planck ] , (24)
¢ L1/
F(¢$,m) = f (1—m2sin’t) " dt, (25)
0

with the latter the Jacobi elliptic function of the first kind. These solutions to the constraint are well
defined for both the exterior (mj2 > 0) and the interior (mj2 < 0) of the black hole. In particular, they belong
to the kinematical Hilbert space in the sense that they have finite norm with respect to the inner product (11).
See [4] for details. To complete the construction of physical states, one needs to group average these solutions
so that the resulting averaged states are invariant under the transformations generated by the diffeomorphism
constraint. This leads to states that are superpositions of spin networks with vertices along all the possible
positions along the radial line. The order of the vertices has to be preserved. We will later see that this preser-
vation leads to the appearance of new observables in the quantum theory. One is therefore left with elements
of the physical space of states that are well-defined functions of Ky, K, labeled by the k and M , we will denote
them as |l€, M), with inner product <l€,M | Ig’,M’> = 576,76,5 M-M).
B S — 2T LA B, IR SRR SIS (m2 > 0) RIPTES (m? < 0) #BIR B LI,
BARRY, EME Tizsh 2fm//Marram, BN TAM D) BNEAEEREE, 40752 WK
[4]c N T SERVBASHIAIE, 2N X LT, (15 P JE RIASTER 7 R IR AT SR AL R 2 4
TR, XEEREINA R AL LA AT REA BT B HEMI 28 B, TR RINF R
BN 2ER, ZFMIFRE 258 FHEICTH RN E, SNSRI S AP RTT
%, UNVE K, K, B RE B, A MARIE, BRI €M), HABDY (M | &, M) =

82,0 (M —M')

Parameterized Dirac Observables

SRR 5 n] LI

Physical observables are operators that leave invariant the physical Hilbert space. We will use the tech-
nique known as parameterized Dirac observables (or evolving constants of the motion) to construct them. We

11



briefly review it. A parameterized Dirac observable has vanishing Poisson bracket with the constraints and
depends on parameters (or in the case of field theories, functional parameters). They are used to describe the
evolution, and more generally, gauge-dependent quantities in terms of Dirac observables and parameters in

totally constrained systems.

PR AT LI R A W ER A R AR 2 TR _E AR RS, FRATTRE SR 42 o0 S A KA v m] L
(FBahisE L ) BT ERAEIX T IR, 1E a0, SRR el RS54
REEIAESAE, BRETS8 RIEY S HZESE). F2ARAGT, ENEHREREH
b, MR, s IR AT BRI SR MO R

A simple example is given by the well-known parameterized free particle in one dimension. The canoni-
cal variables are p,, q° and p, q. Where q° is Newtonian time and p, its canonical momentum. The constraint
is ¢ = py + p*/(2m) , and examples of independent Dirac observables are p and x = q — pg°/m . A param-
eterized Dirac observable is Q (t) = x + pt/m and it satisfies {¢, Q (t)} = 0. One also has that Q (¢)| t=q0 =4
and Q(t)],- o+ar = 4+ pAt/m . Hence, the parametrized Dirac observable Q (t) describes the position of
the free particle (In a quantum theory, there is the question of the meaning of a classical parameter like ¢ .
This has led to a rich discussion of the role of real clocks in quantum theory that is beyond the scope of this
review [13]). This is also the case in the quantum theory where the parametrized Dirac observables can be pro-
moted to operators in the physical space of states that are annihilated by the constraints. These parametrized
observables coincide with the natural ones in a Heisenberg picture, and moreover, comparison of the latter
with a Schrodinger one in [15] shows explicitly the equivalence between the two pictures (for the relativistic

particle).

—SEEIRI S AL R TRE R — NI T ENERA po, g0 F1 pq, Hr 0 AW, po
REENFR, LN ¢ = po + p2/ (2m) , BT R A WNR KBTS p Fl x = q — pg®/m .
SHAKRFAMIRN Q1) = x + pt/m , WIE QM) = 0, FEHE Q)0 = q 7
QOlmqosar = 4+ PAL/M . FHLSEACHKIF AN Q (1) A T B R TG0 (16 5 F-Hie
o, {8 0PRSS RUIE S e, B SR T 36T BUSKN B E R TR bR RO it
e, X T ARSRRTEE [13]), it TEICA BRI, SR T WO R AT AR T Ay
SRR (B 2 ) L ASIAE, XS S (e T LR 5 R SR B A AT IO — 5%, A,
SCHR [15] HR AR IRAA B S R A ST L, BEER T PIAA B (PR R T ) SN,

Just like we were able to use a parameterized Dirac observable to represent the position of the particle in
the above example (which is NOT a Dirac observable), we will be able to use parameterized Dirac observables
to represent quantities like any element of the kinematical space, which are not Dirac observables in general
relativity. This point tends to generate confusion, but the above example should make it clear. A parameter-
ized Dirac observable does not have a well-defined value until one chooses a phase space variable (in this case
qo ) or phase space function and identifies it with a (time) parameter. Similarly, a metric component is not
well defined until one picks a coordinate system. Picking a parameterization (remember that these are func-
tional parameters in the case of general relativity) therefore corresponds to a choice of space-time coordinates

or slicings of space-time.

12



IENBATIHE L3RG5 Ha] DA SRR v ] WL B eiidohs 700 B (M BA S AR IR 5w T
8), 1E) SRHEAE AR AT PUR S8k sl LN &t iRz 5h 5 23 (A PE X AR B N2 gk
PISC AT B &, X —REE5ILIRE, HLRfFeateins® 7. mREMsmZE (R
BN qo ) BAHZS R R ROF R HSF R T (R SEC2 T, S8 v a] LR A B E S X
HUAF LU R AR AR 2 1T, AL BIRAIAIE X —F. FIIERES (L (ERT UM IE X2
T2 RS E) ot BTN 22 AR RERIN 2 F

As we mentioned, the order of the vertices is unchanged by the group averaging procedure. This is
associated with the existence of a parameterized quantum Dirac observable that does not have a classical

counterpart. It is given by,

GHRETATIR, BEPEE RN BRI XA & — DA FELH MRS & I
AIVLNE, el A H:

6 (Z) |k’ M> = 1“DzPlanck k Int(Vz) k’ M> (26)

where Int means integer part, V is the number of vertices in the spin network (itself a Dirac observable
without classical counterpart), and z is a real parameter in the interval [0, 1] . What this observable does is,
as one slides the parameter between 0 and 1, to pick the various values of the valences of the spin network.
As seen from its action, this parameterized Dirac observable keeps invariant the physical Hilbert state, as one

expects for a Dirac observable.

Hrp Int FoRBEGE 2, V2 BHEM RIS EL CEA B2 — A SO N B KL 5E rTL
8), z XA [0,1] NHESH, HSEAE 0 2 1 Z AN, XA & 2 IEE 8 e AR
fr{H. WERITERI AT DG, IEANIKRL s iU B = e PR, IX NSRRI e T & AR
R /R IR S 2L

We would also like to observe that the triads can be represented by parameterized Dirac observables. For
E* we have that,

PANEZEEH, SRR IS B e a] MR, T EX, FA1A:

B (x) k. M) = O (z (x))| k. M), 27)

where z(x) : [0,x] — [0,1], an arbitrary monotonic function that plays the role of the (functional)
parameter. Different choices of function correspond to representing the triad in different spatial coordinates.

An expression for E? can be obtained by solving the Hamiltonian constraint, as it appears algebraically in it.

Heprz(x) : [0,x] — [0, 1] B2 MERRIFRLL, 782 (ZH) BT, ANRIEEOER N
FEAR RS EAAPR N R =Tt AR DUEIE KA LSRG S E? (RN, FOvE B
PR ZLTIR A,

Let us start by the classical expression for the Hamiltonian density that appears integrated in (17) J (x)
, given by,
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BATIFEM (17) AR O RG A  BERIR TG 7 (x) , Bl FRGH:

H (x) = 2E% (x) \/ VE* (%) (1 + Kp(x)?) = 26M — {/Ex (0)[E* (x)] (28)

and let us define
BN RBATE X

H(x)

2\/\/Ex () (1 +Kp(x)*) —26M

which makes it obvious that it has weakly vanishing Poisson bracket with the Hamiltonian constraint.

(29)

H, x)=

Now taking into account (28), we can define the parametrized observable,

HItE ] A2 E 1 e 5 BRI AR IATE S 55 8%, BIES S (28) 3, FAT0T PAE X S8k aT
&

£% (x) = H, (x) + [ O , (30)
2 2GM
2\/1 + 'qu(X) - m

and this is a parameterized Dirac observable dependent on two functional parameters x, (x) and &* (x)

respectively associated to K, and E* . It satisfies

X MR T N2 SIS P IE, x, (x) FT e (x) RIRECT K, 1 EX &
e

P (x| =E?(x). (31)

Ky =1y

E* =¢*
Taking into account that H, vanishes on the physical space, the polimerization of K, and using the new
observables O (z) that appear at the quantum level, we can promote this parameterized observable to an op-

erator acting on the physical space of states given by,

FER O, Y =E EAE, K, NRE, UKEFEERHIHAINE O (2), FfiTal X
NSEAE R BTN E R %@,_\ﬁlﬂiﬂﬁﬁﬁ, Wik

O(z(x)+1/V)-0(z(x))

Fo (x) = x(z+1/V)-x(z) ’ (32)

2\/1 + sin’ (pagy (X)) /p2 — 2GM /4 0 (z(x))

that is a well-defined operator on the physical Hilbert space ¢ g .z (x) and a,, (x) are the parameters,

and x (z) is the inverse of the monotonic function z (x) . The expression that appears in the numerator is the
quantum version of [EX (x)]  that was taken as a functional parameter [¢* (x)]’ in the classical theory. In fact,
O(z(x) + 1/V) ‘k, M) = 63,0k klnt(VZ(x)+1)| k, M) and therefore,
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RV /RIAR SR E—NE X RIFRERF, HA H .2 () Fl ag, (x) B, x(2) ZHIFE
Bz (x) MR, 7 THRERXNZEMEIS P RETEZ RS X (0)] 1 [EX (x)] R TR,
$:§J:; 6(Z (x) + 1/V) ‘E’ M> = €2P]anck kInt(Vz(x)+1)| E’ M> ) JH:

12 anc kn
[Ex (x)] ‘k,M> — Pl k ( Int(Vz(x)+1) k M> (33)

x(z+1/V)—x(2)

A similar technique can be applied for the remaining kinematical variable K, (x) that can be promoted to
aparameterized Dirac observable. We start with the classical phase space function D (x) = {E“’ (x) [K(p (x)], — [E* (x)]/Kx (x)}

obtained from the classical diffeomorphism constraint. Then, it is easy to verify that,

A7 AT T HANB AR K, (x) , ERIRERT AR T A SR e ST W, ]
M S5 RIRLT RSB A SRR D (x) = {B% (1) [K, (0)] = [B* (0] K (o)} HE, A
55 7] DASOE:

Ko ()= =29 4 i) K‘P,(x) : (34)
E*(x) eX(x)

satisfies X, (x)| x = K, (x), as it is required for a parameterized observable. As in the case of

E* =¢(x)
Ky =% (x)
E? , upon quantization one has to take into account that E* (x) = O(z(x)) and K, must be polymerized,

which implies that x,, (x) = sin (pago (x)) /p . Thus, the quantum parameterized observable is

B Ky @l e _ o -~ = K, (x), XIERZEACATIN R A 2R A5 MF, M E? RIRT—1+, &

Ky =1x4(x)
FAS AP RAEER E* (x) = O (z(x) Fl K, FHEREL, XEKRE x, (x) = sin ooy (X)) /p o
Klitk, &FSEACRTIIE S

&% (x) cos (pag (X)) ag, (x)
O(z(x)+1/V)-0(z(x))
x(z+1/V)—x(z)

K, (x) = (35)

As it happened in the example of the free particle, one ends up having a system where all the kinematical

variables are parameterized Dirac observables or pure parameters.

1 E BTG HRZER— 8, RARIINRATHIZ)HERE2ZSEUL Dirac AN,
YN Al 2

\

The Metric as a Dirac Observable

JERAE Bk 5l nl X

Using these results, one can write parameterized Dirac observables representing the various components
of the space-time metric. We start by noticing that, from a space-time point of view, the parameterized ob-
servables introduced in the previous section correspond to stationary choices where K, and E* are functions
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of x independent of ¢ . One can define the classical metric components in any stationary gauge by imposing
the gauge fixing conditions ®; = E*(x) — " (x) and ®, = K, (x) — x, (x) , where £* (x) and x,, (x) are
arbitrary functions that represent the choice of coordinates for stationary space-times. In many cases, the
gauge functions might depend on the canonical variables and M as well. This is the case, for instance, of the
well-known Eddington-Finkelstein coordinates (see the appendix of [14] for details). We additionally require
that the resulting space-times be asymptotically flat. This restricts e* (x) = x*+ O (x ') and x,, (x) = O (x7!)

in the limit x — oo . These conditions allow us to determine

AFIREELER, BATR S HFoRN = RS0 BRSO s r &, FATEERER], M
MRS, LTSI ARSBALRTILINE X B e AR, Heb K, il EX 2 x %L, S5t
Ko BATAT DUE FEAMALTEE E S @) = EX (x) — €5 (x) Fl @, = K, (x) — 1, (x) (EAERESMIE
HE R R, H e (x) Fll «p, (x) RAEREEL, REES T*Eﬁﬁrﬁ&o EﬁF%lﬁﬁ?,
ALY PR Rt AT REROI T IE MR M o B0, FARIE T -5 s H AR bRt 21X A O (4775 AL

B [14] AR SR FRATESNER TSI 22 R H0LF ERY, IXAERIR x - o0 X e* (x) = x +0(x—1)
Ml e, (x) = O (x7") ath T IRl IXLERARVFBRATIE

2GM Kg (X)Ve* (X) GM
,N*(x) =22 o2
NETr R T (9= vex ©

N(x)’ =1+ K (X) —

(36)
up to an irrelevant constant of integration for the lapse N (x) that is fixed by the condition N (x) =

1+0 (x‘l) in the limit x — oo . The classical metric components for stationary coordinates are g, (x) =

(€% (x))*/e* (x)

HEFRE N (x) —PNIeR D HER, ZHEBHERIR x - o FHISRAFEN(X) =1+0 (x71) ElE, &
Ju\J:*T—FEqéé‘ﬁ‘f ﬁ%jj 8xx (X) = ((;J‘(D (.X')) /e* (X)

[* ()], (%)
2\/£x(x \/1+K¢( X) —ﬂ

ex (x

(37)

8ix (X) = gex ) N* (x) =

and a similar expression for g;; (x) . Notice the role played by K, (x) in this expression: it determines
the slicing. For instance, K, (x) = 0 leads to co-moving slicings with g, (x) = 0 like the ones that cover the
exterior of black holes only. Non-vanishing K, (x) * s will be needed for horizon penetrating slicings like the

Painlevé-Gullstrand and Eddington-Finkelstein ones.

H. g () HREIERIEN, TR K, (x) FEIRRIAXFEAEREM: BRE TR 753 fli, K, (x) =0
RRENHH gy (x) = ORIEEENY) Fr, XY (0 2 AR TSN X TREZ SR I (i =6-2
IR ZFEYI A MIE T W25 e Y] F), REAEFHI K, (x) o

The above expression is straightforwardly promoted to an operator acting on the physical space of states
by taking into account the new observables 0 (z(x)), the polimerization of the extrinsic curvature x, (x) =
M , and the observable M . General gauge fixings may require considering functions Ay (x M, O) For

1nstance the metric component g, (x) takes the form,
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L4 T IIR O (2 () SN x, () = 22D s s O RIALMER 91, EIAFA T
DAECHE A (R AE VR AS 2 I EROSIRF, —RRLSEIE o T AR B SR a, (x, B, O) o BN, i
B 8, () AL

&% (x)sin (pag (x))

204/ 0 (z(x))

The square root that appears in &% (x) -see Eq. (32)-leads to the following inequality, in order to get a

sin(pag (X)) >2 __2GM
N

inequality is violated when the eigenvalues of E* (x) become small. The most favorable choice of parameters,

8ix (X) = . (38)

self-adjoint operator (notice that there are no factor ordering issues), 1 + ( > 0. The

from the point of view of keeping the expression positive at that point is a,(x = 0) = 7/ (2p) (since E* (x) is
monotonic, the worse case happens at x = 0 ). Therefore, the condition for the square root that appears in the
metric for it to be real and therefore the metric operator self-adjoint is, in terms of the eigenvalues of £ , given
2
by, ko > (%) . As a consequence, given the fact that we take p small, sufficiently small values of
Planck +_2
o
kq are excluded in order to have a self-adjoint metric operator and as a consequence the singularity is avoided.
The region exterior to the horizon is covered for any choice of a,, (x) since the last term in the first inequality
is less or equal to 1 outside the horizon. Notice that there exist choices of the parameters that would make the

metric singular. Those correspond to coordinate singularities, and loop quantum gravity correctly does not

eliminate them (as in the classical theory, they amount to pathological choices of parametrized observables).

I E AT GERPRTRLEI THFRED, 89 (o Tt (U (32)) HBIRT7 U A R
1 () 2O 5 o, % B (x) RMFIEEAVNY, BRSRRRL, RIS

\/ O(z(x)
ANIENAERE, BAEMNSEIEREE ap(x = 0) = 7/ (2p) (AT E* (x) BHPAK, HIMFE
HIILE x =0), 21kt, F EX WEHMEE SRR, BEHAETRNSZ, I EERT 8RR &0 h
ko > <2G—M G, Hilt, BTRAITE o N/ E, BI52| B AEEMERT RO IHERR E i8N

ePlanck<l+L2
ko HUH, A AR DS, L ap (x) HERE, MSANXIBE AR, FNE P AFERXH
MG —IHEMSIMNTET 1, TEER, FERESBIERESMRENET R, XEN N AAFRA S,
B &5 KA THREN R IEFN—GE IS h—FF, X a7 RoRIE TS EUL rT I & AR
Rk,

As we mentioned, the action of the Hamiltonian constraint and all Dirac observables leave the values of 12
invariant, so it is consistent to consider values of the k; " sbigger than k, . This implies that the singularity that
appears inside black holes in general relativity can be eliminated. This will also be the case in the improved

quantization we discuss in the next section, but details will be different.

EQIBATHESIRG, DABETL) SKOAN AT K A ol WL R A 1F F AR K AR, BRIIAH K FOME
KT ko ZEEH, XBWE AR IEH H IR BRI & R n] AIHEER, X 45~ —1
BATHERTBOE R ez, RE™ 2 A E,

The analysis can be extended to the interval [—x, X, ] with a simple generalization of O (z) to z € [—1,1]
. The expectation value of the determinant of the space-time metric can be explicitly calculated in any given

gauge, and it goes through a maximum value and starts decreasing for negative values of x . One can view
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this as a generalization of the Kruskal extension including a new region that is reached by tunneling through

the singularity.

BATTAT DORE AR R BN XA [—x4, x4, ], AR O (2) BN z € [-1,1] BIA], fEERLEM
JerRER AT DA U SN 22 AT A1 N B (E: 5 x AR, R STR R RO MBS T 46 R,
A DURX — IR B e B T RIEIR AT 0 & mBR 2 e S — D HTX I8,

Clearly, not all quantum states will exhibit semi-classical behavior. To begin with, a condition for good
semi-classical states is that the separation of the vertices of the spin network be small with respect to the
relevant radius of curvature. That would require consecutive values of the k; ’ s that are close to each other.
The quantization of the areas of the spheres of symmetry imposes a minimum bound on the separation of
consecutive points on the spin networks. For instance, for a black hole of mass M , close to the horizon
its curvature is proportional to (GM)_2 , while the minimal separation of two points on the spin networks
will be proportional to € pan.x 2/GM there. For large black holes compared to the Planck scale, that is very
small number. This allows to consider spin networks with very small separations of their vertices. They
will approximate a smooth geometry exceedingly well. As mentioned, one can also consider states that are

superpositions of several spin networks as well. These states will improve the semi-classical behavior.

B, HIEFFTARTFSIMBAFLIITN, B, RIFFLIGESHZEMAZE: BHEMTTUR AR L
TAHHSQHRAAR, IXERARE k; BUBUER AT, W AREK A AR 1A B e AR 4T = e
PR T R, BN, A FRREDY M R, WSRO ERIERT (GM) ™, T EBEM BRI
B/NABEAEIZSEIELET € pranei 2/GM o W TR T E AT RERIRR, X DEUEIER /D, FitIR
1] PSS T RN EE AR N B HER, B REARGFHIIEOEIR LA, GnATAmIA, AT A EZ N E
HEMBASEINE, XEERFEIIT AR EIT,

Dynamics: Improved Quantization

g Bl E e

Up to now, we have considered a fixed polymerization parameter p . This is a u, style quantization in
the terminology of loop quantum cosmology. A problem associated with it is that the curvature near the
region where the singularity used to be in the classical theory, although finite, can have very large values, it
goes as G2M?/€%,,.« - The improved quantization aligns better with what has been observed in singularity
elimination in loop quantum cosmology, where no trans-Planckian behavior is observed.

FIHATANILE, BAI—EFERGSU o HE, REERTFHANRKETET wo BETH. 52
MRE—D AR, ZMMEIe PR SRR B RA R, ERERDIEER, HBEMAN
G>M?/€ e o BOHE TS BB T FH EHHPRA SN R E R S, 7EIRHEZR PRI EI RS
AT,

We have seen that the basic mathematical building blocks of our quantum theory are 1-dimensional
oriented graphs. Here we still consider graphs such that each contains a collection of consecutive edges e; ,
each one associated with a vertex v; . The kinematical Hilbert space 89 of the theory is characterized by

a basis of states |I€, ﬁ) . Here, kj € Z and uj € Rare valences of edges e g and vertices | v s respectively. The
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treatment is similar to what has been done above, but now the point holonomies J\A@j = &xp (ip;K, (x;)) of

the connection K, defined on a vertex v j act as follows:

TMCgmE, BMNEFHEICREMECAAt R —4EmE, XEBNMZEXLE: 8 MEES
—HEG I ¢; , BHRIDNNE—NTR v; o KHICHNISEN AR /RERER #8723l h—HERE
112, fl) . Here, k; € Z and p; € R are valences of edges e; and vertices ( v; FAE, ABTT G _ESCEAY,
HIAERE SAETHUR v AERTERES K, B RAIR J/\\gj = &xp (ip;K, (x;)) fEFENT:

N, 1) = |uj +p;)» (39)

where p now depends on j .
Horp o REMHR T j o

An improved quantization for these types of models was first proposed by Chiou et al. [16]. The idea is
very similar to the improved quantization of LQC [10]: one relates the polymerization parameter to the area

gap,

XY O & - B i Chiou FF A [16] 2, HERS LQC[10] FIZGH R FLAFF ML K
RESH S mRRIFRSRBORER,

ameykip, = A (40)

This can be viewed as associating the point holonomy of the K, with a plaquette enclosing an area A,
the first non-zero eigenvalue of the area operator in loop quantum gravity, of the order of ¢%,, . . Here €§1kj
is the eigenvalue of the kinematical operator Ex (xj) , defined in Eq. (13). Now, point holonomies (39) of

IXA] DABEEN R K, B RAURS — N E AR A B/ DNBEBORHGEESR, X RUR E R 15 ) i fE
FE—NEBRIEE, BN e o 28 13) PEXL TIBIEER B (x;), Mt 2k RIZER
FIARTEE, ABZ., 3K (39) HHIRFIR

”length” Ej will produce a shift in a state |/,tj> , which depends on the spectrum of some kinematical

operators. Concretely, |u j> - ’,u i+p j> , and given the above relation,

RET b, RS
gia B RRA G

) TSRS, RTRARI TRAIB S AR, BIRTIS, |u) - |y +8,),

— [ A
.= _— 41
p‘] 47I€12)1kj ( )

Therefore, it will be convenient to adopt a more appropriate state labeling |v j> with vj = /kju;/A, and

22 = A/Aré}, . Point holonomies of the form J\Afﬁj = €Xp (iﬁ Ky (xj)) again have a well-defined and simple

grav

action on this new (single-vertex) state basis of H ;,
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L, 35 08 SRAIBA o))« v = \[hpey/A T2 = Ajandd RRIVE SIBHIEHRE 2, ¥
RN N = & (1B K, (x))) IARURIER MY (AT 255 BRI E X BT (A,

ﬁ/‘_’j |Uj> = 'Uj + 1>. (42)

The physical space of states annihilated by the constraints can be obtained through a procedure simi-
lar to the one we followed before. The main difference is that the polymerization adopted for the extrinsic
curvature K, (x) takes the form sin (o;K, (x;)) /p; . Using those techniques one can check that the physical
space of states is identified by the same basis and has the same observables that in the previous approach. The
main difference one has is the change of polymerization, and this has implications in the details of how the

singularity is eliminated.

WA (LA RAS 22 T DO SR AR A K AR 8., TR AE T, MM K, (x)
FRINEE BN sin (0K, (x;)) /0; o HFIXEETT AR AKE, WPBIAS =S IR 5 AT R TR
SRS 8, WD AR A L, IXATEA S R BRI L= R,

Singularity Elimination and Space-Time Extensions

A NTHER S I 2 i

As we discussed in section "The Metric as a Dirac Observable,” in order to have a self-adjoint operator
for the metric as a parameterized Dirac observable, one needs to limit the range of k; ’ s to arange larger than
a minimum number k; . That minimum number is of order unity. This is due to the fact that the polymeriza-
tion parameter p is small. This requires some explanation. In full loop quantum gravity, the polymerization
parameter would be associated with the minimum area of a loop, given by the quantum of area of the theory.
Therefore, compared to features of a semi-classical solution in the exterior of macroscopic black hole, it is a
very small number. Here, since we are dealing with point holonomies, the polymerization parameter is di-
mensionless. So there is less clear guidance on its value. Yet, if we believe that we should be capturing features
of the full theory, one necessarily has to conclude the parameter must be small. This is important because
the condition of a minimum k; that is of order unity is a very sensible condition in the context of a discrete
geometry. Having a “hole” in the manifold that is of the order of the point separation in its discrete geometry
means that if one is considering a semi-classical solution such a hole would not be a distinct feature. This is
important because it corresponds to the region where the singularity is present in the classical theory. Fur-
thermore, in the case of the improved quantization, the polymerization parameter is a ratio of length scales
(or more precisely, the square root of a ratio of areas), p I A/kﬂ%l . Therefore, a natural argument would
be to limit k; to ensure that the area k;¢%; be bounded below by A (i.e., LQG gives a lower bound on allowed

Nnon-zero areas).
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IEWNBAE “VENIKBL s TN BRI R” — iR, kR R NS EI R s rT LI 1S
FIEMFRET, TR K FBUETEEIRHER T HIME ko FIXERN, ZEMEAN— 82, X2
NRESE p IR, MIHBAIFRZRHERRE, EXBNERT5IF, RESUE R/ NER
K, HIZEICAEE At Bk, X HEVRRIMNRLIRRRE, B —NMER /DR, 1£
ASCHRFEA, HTHACHEAR SR, RESERTRNN, FILHEBRERAAES . Ha0
RBATANIZIFN LT e B ICARHE, bR S HIZSEOIRDIIZE IR, X —RREE,
KON EI N —MBIERIME ko BIZEHF, fERBULAMER NRAER GBI, ®X LFE—-TMRNSE
AUV SRR SR "7, BWE LT, PSS EERE, miX—XEE
Grxs N SEE AT AP R, Rt EE, AN, FEUCERE T RY, RESEERKE
RUERIEE (B, ZEMAERER), Bl o/ Alkiep o B, — BRI 2R k;
DABRIETI A kjop, FAEA/NT A BR 5 (BIER 151 0% T iR AR 5,

In what follows, in order to analyze the implications of the improved dynamics in the singularity resolu-
tion, we will work with spin networks with a finite but large number of vertices V' . For simplicity, we restrict

the study to spin networks whose values of k; are associated with a lattice with equidistant spacing such that,

DXBATPRE s 1 0 B SRR, AR TR v A IRIEAR R B BE M 25 1 TR
Fo MNEMIES, FATRETFIRBICER R LT 2 0HRT B IEMZE: H k; (B0 B35 R R R A A%, R

x; = 6x (|l + o), (43)

where j € Z and j, > 1is an integer that will be specified below, and dx is the step of the lattice of the
coordinate x that we choose to be x = €p; . This choice amounts to choosing the function z(x) € [-1,1] as
z(x) = x/(Véx) , such that z(x;) = sign(j) (|j| + jo)/V , and we choose the semi-classical basis elements
ki = (1l + o)™
Hrj ez j, > 1 BEXTRIEEHELL, ox B0 x XM EEHP K, BATREEC 5x = ¢p

o SN TR 2 (x) € [-1, 1] BN 2 (x) = x/ (Vox) , 12 2 (x;) = sign () (|j] + jo) 1V, Al
R HELTT &, = (1j] + jo)™.

For instance, in this family of states, the triad E* and its spatial derivative can be easily represented as

physical parametrized observables as,

flgn, RIS, PR EX NHZSE S DURE 5 R B S B rT &, R

E* (x))

kM) = O(z(x;))| k. M) = 63k; [k, M) = x3| k. M). (44)

(x; + 6x)2 —x?| .

[B% (x))] k. M) |l M) = sign (j) (2x; + &%) K, M). (45)

We now consider the action of the parametrized Dirac observable &

BATBAEE BB chL v T WL & &9 A9EF
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|E~ (xj)],/2

(&2 (x))) = (46)

! \/ - sinz(ﬁjogcp(xj-)) __26M
Pj VIE(x;)
where a,, (xj) can depend on M or O (z) . For instance, for Eddington-Finkelstein coordinates.
HA a, (x;) ATDMKHE M 88 0 () o BN, 762 T 4-25 se it AFR R A,

sin’ oy (X)) 2
J (2G11) 1 @)
7 6z () 1+ 29

0(=(x;))

In order for £ to be a well-defined self-adjoint operator we have the condition, in terms of eigenvalues,

9T P BOMTE SCREFH B RS, SR AMERLA I R 50,

sin” (P00 (%)) 26M
! —~ > 0, Vxj, M. (48)

5, E*(x;)

This implies a minimum eigenvalue of B> (xj) R €§1k0 , and at this point, the curvature is maximum. Let
us analyze this situation in some detail. It implies both sin (,5 9% (x j)) =1,andp ; given by (41). For a given
mass M , the smallest area of the 2-spheres must be such that

SKTEWRAS B (x;) , Chiko FETERINAIER, BEIHISIKEIR AL, Bl RIS X — M RN
T2 F (41) £ 0 sin (B ey (x;)) = 11 B, 0 M TLASKBURE M, —SEBREA) B NEALRS G 2

Aré3k

( + ”API °>— 26M o, (49)

Ohiko

Assuming that ky > 1, we get
BRi& ko> 1, FAFH
2/3

2GMA -
ko > = k. 50
0 < 47T€gl ) 0 ( )

Now, since A ~ ¢3 , the limit k, > 1 implies M > my, . This would correspond to large black holes
(compared to the Planck mass). Let us take into account the first integer k that is larger than k, . For states
with ko > 1, the minimum value of the smallest 2-sphere is (This scaling with the mass is in agreement with
the prescription proposed by Ashtekar, Olmedo and Singh [5].)

WTE, T A ~e3, MR ko> 1HEH M > my o XNMT (F1E R v B E A baY) KRBT, T
BURT ko BB — D EEE ko o MR ko > 1 VA, B/ 4EBRIEIRY B IMEN GXARRE B & AR E
K75 Ashtekar, Olmedo 1 Singh $&H I /7 E—5 [5])

22



ko =~ ko o< M?/3, (51)

After polymerizing K, , we will represent its presence in the metric via a function F (x;) € [-1,1],

REK, 5, RIKOETEIF (x) € [-1,1], FREIERMHIETE
2= & 2
sin” | pa, (X)) | = [F (xj)] (52)
and different choices of F (xj) correspond to different slices. The metric operator can be written as,

H F (x;) BARRIEEN MARIRY) A, BB AT N

i (x)=—[1- 5|, (53)

sy 4By FOy)]

e () = - ﬁ\j (B o)1 [P )] ) -,

8xx (xj) = N N 7V (55)
4B (1 _ s B[R] )
VE<(xj) A
goo (x5) = E¥(x;) 8p4 (x;) = E* (x;) sin’e, (56)

with fg = 2GM . And in terms of this operator, we can obtain an effective metric assuming we are in a
semi-classical situation as g, = <gAw,> . We can take the expectation value as we have the metric written as an
operator acting on the physical space of states annihilated by the constraints. For the states considered, this
is straightforward as they are eigenstates.

Hefipg = 2GM o FISEF, BlTAIDIEERIIEIE g, = (8,0) FSBIERUER. BT EMOK
5 ERAERLTREK SR LR, BT AERBIHE, X T RS, XRE R,
RO EATERAERS.

To compare with traditional classical results in terms of a metric geometry, we will make some additional
assumptions. We will consider the leading quantum corrections when the dispersion of the mass can be
neglected. We can then proceed to drop all hats in the above expression and call the result (O)g#v (xj) . We
also take, for convenience, a continuum limit where x; = dx |j| + x, is replaced by (|x| + x,) , with x € R..
We keep terms dx/x; writing them as 5x/ (|x| + x,) at first order. This implies that the effective geometries

“bounce” when they reach x = 0.
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N T UG SR LTSS SRS B, FATTRN 7 — 22181, & BB RIRART UZRS IN [k 271
IE, BAIATME BB AR, HERICHN Og,, (x;) o ATTERL, FANEBIESRIR, K
xj = 8x | j| +x0 BN (x| + xo) , HA x € Ro TATMRE 5x/x; W, F£—HrRENE N 8x/ (x| + xo)
o XEMEARULAZENS x = 0 N2EA “RH,
Let us consider as example the Painlevé-Gullstrand coordinates [18]. They correspond to

FATPA Painlevé-Gullstrand 245 A [18], BX M

ﬁ(xj)=_j f—S
7 J\/ﬁx(xj)

This choice is equivalent to a lapse operator N (xj) = I . Notice that the function F, (x) < 1forall x # 0,
while F; (x = 0) = 1. This will allow to probe the high curvature region of the effective geometry. The metric

(57)

can be written as,

ZERENTBNET N(x) =1, ERNFE x#0, BEF &) <180z, MEx=0=1,
X FFFA TR R LA s R DX, AR A

(O)gtt (x) = - (1 - |x|’:i xO)’ (58)
_ . rs ox
O () = =30 s (14 3w ) &9
2
g () = (14 5 )+ Vg0 () = (2] + 300" (60)
(61)

2 .
©Ogss (x) = (|x] + x) sin’6.
For large x , the metric approximates extremely well the Schwarzschild solution in Painlevé-Gullstrand

coordinates. The curvature reaches its maximum when F (x) = 1, at x = 0. It is convenient to go to a

diagonal gauge,

TR x, ZEMAT Painlevé-Gullstrand 24bR 8 52 FLP AR AL, 2 F (x) = 1 i, #HZEX
PR AME, NN x =0, BEANAMTESEE,

2
(1 + 2(\x(lsix ))
(O)gxx (x) = (O)gxx x) = —rso’ (O)gtx (x) = (O)gtx (x) =0, (62)
1= |x]+2x0
while all other components remain as
mpTA =t &R R
g4 () = O (1) = = (1- =) (63)
tt tt |x| + X s
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Fig. 1 The ¢t component of the metric and the inverse of xx for the metric in diagonal coordinates. When
the first vanishes, horizons arise. Notice that in the region between the two horizons, the discreteness is more
manifest and is represented in the separation of the dots (the plot does not show all the points in the lattice

but only one out of 50). (Reproduced from reference [18])

B 1R NERK o RS xx AR, HHE Do BAFN, SRR HEE, £W
MRS Z BRI, BRLEEMBE, RPN RS R Z RIRTRIFG GZE SR A8 R & 50 PR
17, REREHMER). (BEESH K [18)])

O gag (x) ~ Ogop (x) = (1x] + X0)*s Vg () = Dy (x) = (%] + x0)" sin 8 .(64)

Figure 1 shows the values of the ¢t and inverse xx components of the metric, where one sees the emer-
gence of two regions where one has a horizon, one for positive values of x , and one for negative ones [18].
This would correspond to a Penrose diagram as that of Fig. 2, which is reminiscent of Reissner-Nordstrom,
but singularity-free.

FE 1R T IR o 5V xx SMRRAOBIKIIRE, MART DB i fEP A= E LR K Y, — 1
YR x BUEAH, 53— AN x BUOUE [18], KR9SS TR 2 FR, AU S
WY, (AT

In terms of the semi-classical metric, we can compute an effective stress tensor by computing the Einstein

1
tensor, T,w = %G/xva

Killing vector X* = (3,)" of the metric (62) will be time-like or space-like as one traverses the horizons of the

and for it define the effective densities and pressures by taking into account that the

black hole of the Penrose diagram shown in Fig. 2. In summary,
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IRPEF T &, | DUEE R Z R SHKE T, = ﬁGuv SEIHRN 5K E, A HE
NMAEREE SRR, HPREERNE, N TE 2 o BRI, SZEd s, X e2)
JEE R IEMRR R XH = (6,)" RIS, 4k,

XHXY
ext ._ __
P = TS X (65)
rHrv
pext T T (66)
ks
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g J -
e g
;0 0
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iz

Fig. 2 Penrose diagram of the effective geometry discussed in the text. B and W denote a black hole
and white hole, respectively. The horizontal lines separating them correspond to regions of high curvature.
Regions I, IT, IIL, IV approximate very well the Schwarzschild exterior. (Reproduced from reference [18])

B 2 IESCH ISR RU LA D R, B F1 W 43 I3 IR T, 53 B8 3 7K EEon b e
MR, XL, 1L 0L, IV A] DUIRH s FLP MR IX IR, (F2 38 E 25 Sk [18])



and

oHEY
pﬁXt = Tl’wepep’

and for the interior,

Xt AER,

rHrv

int ._
pln = =Ty ,
rPr,
v
pint =T XMX
* '“”XPXP’

and notice that p;™ = p™* as 6 remains space-like.

HERE] pit = ppt 5 o IR,

(67)

(68)

(69)

Figure 3 shows a plot of these components. As can be seen, negative values develop in the region where

interior of the black hole in the semi-classical picture.

B 3 il Vixseor &, RIDVEH, R RS RIS 7 E, BARH T

the singularity is replaced by a bounce. Although there are no violations of the strong energy condition as the
energy density o™ is always positive, there is violation of the dominant energy condition. One can therefore

see this effective semi-classical violation as explaining how it circumvents the singularity theorems in the

o 4

LONIE, BEERFZMRPOER, HERBRAMLEOER 7o B, BATa] DURHXRE LR

R, 1R E i E G RO T P R AT Se0d A s B AR
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Fig. 3 The stress energy tensor of the effective metric (O)gw, (x) . This plot corresponds to dx = €y,
namely, s = 1. (Reproduced from reference [18])

K 3 ARUER Og,, (x) KN RERKE, AENEN 6x = ¢, Hls=1. FEEBESH W [18])

Covariance

Since the quantizations we have considered are canonical, it may not appear obvious that the results are
covariant in the traditional sense. For instance, the polymerization technique affects spatial variables that are
slicing dependent. This has led to criticisms of our work [19].

BT ERMFRRRIENE I, HERERARN EREAAMENIFAER. Flin, REMER
KTV RBGE R AR, X E45 1R MBI TAERHT [19]

An aspect that has to be pointed out is that we are redefining the constraints in order to have a Lie
algebra between them. Any re-definition of variables is bound to have problems in certain points of phase
space described in certain coordinates and may therefore lead to a non-equivalent quantization. We believe
this is inevitable and a reasonable expectation.
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DRI — U2, BTN T IS Z (Rl R IR EE MR AR T B e Yo (R R E A
R ARAR IR B 2 R L2 5 B AR ARTA R RN, R P REFS A EM AV R . BAITANIXZES
AR, R SRR,

One way of checking covariance is to show that the resulting line elements from the space-time metrics
constructed as Dirac observables are invariant. This was explored in some detail in [20]. Here we just show
an example to give the flavor of the calculations involved, we refer to the cited reference for more details.
Let us consider stationary foliations, like the Painlevé-Gullstrand or Eddington-Finkelstein coordinates. The
choice of functional parameter K, (x) = x,, (x) will determine the foliation. For convenience, we introduce a
function F (x;) such that sin (p;a, (x;)) = F(x;) with F (x;) € [—1,1]Vx; and therefore, with the notation
F (xj) = F; , and similarly for other parameters and operators, as we discussed before. Each choice of Fj

corresponds to a different foliation, for instance, F; = pjq/rs/ ij leads to ingoing Painlevé-Gullstrand

form of the metric and F; = p jrs/\/ Ef (1 +rg/ EJ") to ingoing Eddington-Finkelstein coordinates. The

space-time metric is given by the operator,

R0 PR ) — R 75 7502, UE B A& g K o, AT LN 2 A I 2 B 2 HY Y St B S M SR [20]
AN A T AR, HACTATCA SRR S T R A RS, BB 240 S Wiz | FSCEk. ZIEE
AL, Ean i = - AR = AR e T -2 SRR A ARAR, BREIB K, (x) = x,, (x) HYIEHL
REMHA, AT, AT IR F (x;) W€ sin (o, (x)) = F (x;) , HHF F(x;) € [-1,1] Vx;
, RIERHIES F (x;) = F; , HWSEEER R, RN AR, F; (98— FNEBos B A R rH

e, B0 F, = pjy [ rs/y[EF zatawm%%b%ﬁmﬁ@éﬁéﬁaw%,a=pjr5/\/E;c (1+rsi/E)
X RLPIELE T 55 ST AR R AR, 23 B E A T SR

(70)

(71)

(72)

8 (xj) = -1+ fs; ’ (73)
i

8ix (%)) = 8xx (xj)ﬁ;’c (%)) - (74)

In terms of this operator, we consider the length of a polygonal curve (¢, x) described by a discrete set of
points|... (£;,x;), (tj+1, Xj41) -..| where 4 /E\J’-‘ k, M) = € planck A /kj{ k, M) = (Ij| + jo) € planck |k M) = xj| k, M)

and 7 (x;) 112 M) = t(xj)l k,M) . One can obtain more general ones combining these. The reason for talking

about polygonal curves in space-time arises in that space is discrete. Their length can be written as,
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T WA, TS EHEEUE [ (6,5), (e x5 ] FORIIZ BB (), HhE
\/ETJX|E’M> = ¢ planck k]' E’M> = (|jl + Jo) € pranck E’M> = xj’ E’M> it f(xj) |E’M> = t(xj) E’M> o
HE XA RIS 2 3 — gl <e, EN2EHENE 21L& FE R 22 RA S 2R, 2
bR N LIk

2
(Asj) =gab(tj,xj)Ax;‘Axf, (75)

. /\0_,\ e /\1_,\ s R
Wlthij —tj+1—tj —A[j andij —Xj+1—x]' —AXj.

— —

0 _ 2 — AF 1 _ ¢ S
;H\:':PAXJ =ljg— j—AtjE_Ax~—xj+1—xj—ijo

>

It is straightforward to show that the resulting expression is invariant when one chooses different F;
functions that correspond to different slices. Details can be seen in [20]. We have also studied the covariance
of several curvature scalars: the Ricci and the Kretschmann scalars, and the scalar obtained by contracting the
Weyl tensor with itself. We checked that in the approximation where x; is treated as a continuous variable,
which allows to use derivatives instead of finite differences, these scalars do not depend on the choice of the
gauge function. Notice that the discreteness of the metric was still taken into account given the fact that (f"),
is always described by finite differences as was done for instance in equation (58-61) for Painlevé-Gullstrand.

AHENER, 4B HE R KR AR Fy SR, F20st FUA RS, LSy ol LSRR (201,
BAERIE T S HSARRA N EArbRkt, 597 BARR, DURIMRIR A4,
BATRIE T, 1645 x; PONESVER, TS A S MR ARE N DERUT, SRR R TR
TERIER, TEERIR, BA1VRE R T REOLIBIECPE, (8- /R strand 1
THIR (58-61) RFFHIITIBE, (BY) thsc it IR RN,

Of course, this is just a check of covariance, and it is rather difficult to give a complete proof, since that
would require evaluating all possible tensors computed from the metric and showing that they transform
appropriately. But the straightforward nature of the above computations does not suggest any immediate

problems in the construction of tensors from the metric and their transformation laws.

SR, XN UMM —RIE, RS HERIER, FOveRIEARRE A TA b EMS R
sk, FUEPAEA TR IERIZ SN, E R ERNENE TR, NEMEKEHES
HATNURE A A B R

Extension to Charged Black Holes

i FEL SR 4

The above constructions can be extended to charged black holes. This was studied in reference [17].
There a gauge was chosen in which the electric field gets completely determined by the geometric variables.
The resulting theory has a Hamiltonian constraint that differs by one term from the one we consider here,
which is proportional to the charge squared. The kinematical Hilbert space remains the same, and one can
proceed to find solutions to the Hamiltonian constraint, which still retains the same properties in the sense
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of not changing the k valences when acting on a state. One can construct the metric as a Dirac observable
and just like in the cases we discussed, demanding that it be a well-defined self-adjoint operator requires
restricting the range in the k; ’ s, and this leads to the elimination of the singularity. This is true in the usual,
extremal, or super-extremal case. In the latter, the operator remains self-adjoint until one hits the singularity,
so the number of points to remove to ensure self-adjointness is smaller than in the regular case. The naked
singularity present in the super-extremal case is therefore removed.

IS T DAHE T S AR, ARSI E LT SR [17], BT T RS, HAPHge e
LI e . TS FR IR A IS B SR 5 A SO R LY AR EEARZE — T, %05 FELAer P75 BRAE EE
BEER/RARF R, BATA] DAARSE SERIG B ILT R, R R R AP, BE
FITERS EI RS kAo FRATTAT AR A R KR s rT O &, A5 A SOSe R TAAR IR, 2
REAE RAE KB AR R Z RS & (BEEE, XREPRAT R X e ol Aimel
AN IS, PSR TEE N, BT EEIAT AT R A, EIHVMRIE B FIERER
PRIV REBED THMIGE, B IEIE SRR SR HHER

The weak gravity conjecture [21] claims that in any scheme involving gravitation and other interactions,
naked singularities appear unless one guarantees that gravity is the weaker interaction. Since loop quantum
gravity does not seem to put limits on the strength of the electromagnetic force, it has been suggested that
this could be problematic due to the emergence of naked singularities [22]. The fact that in super extremal
Reissner-Nordstrom, the naked singularity is removed indicates that the above objection is not necessarily
true. In fact, some of the solutions used to demonstrate the weak gravity conjecture are in fact based on
Wick rotations of Reissner-Nordstrom space-times [23]. Further research is needed in loop quantum gravity
to probe all the issues involved, as the resulting space-times might be unstable [32].

5951 718 [21] 6, TEEEE 5105 EMMHET/ERRNIICHEZRS, RERIES| 1 ZESER
YERA 2P ERE R T EEF5 P H A Br 7 s AR, AN R AT U
PSRRI [22], AR I AT 2N- SRR i P RO AT RBHBRIX — S SE 3R, B ROV &L
A—TEROL, B, For T UGS R AR B 2 2 T - SR N 22 B e
TEFEAS RN [23], EE TSI FRE—DHRA GIRFT AR, FAMSN SR gE R EE
1 [32],

Some Observational Consequences

—SEES SRR

Black hole space-times, when perturbed, admit modes of vibration, the so-called quasinormal modes
(QNMs). They appear, for instance, during the ringdown regime of the final black hole after merging of its
progenitors. They are gravitational waves of complex frequencies emitted outward to infinity and inwards
toward the horizon. The imaginary part of the frequencies results in a decrease of the amplitude of the grav-
itational waves with time. Besides, in Einstein’s theory, they only carry information about the mass, charge,
and angular momentum of the black hole. Hence, they can be used as a probe to falsify theories.

31



PSR ARTAN 22 RSN, BIFTERHEE NIRRT (QNM), Bilan, efil= HEERT & RS
JE B RTAR R A B, XA R ASMER EIC5T 1T, MNEAEFISTIEIRT 1, SR
AR BRS80S | I ARIEREI R 3=, A, fEZ HEHEe T, NI OEE T BT R,
Ssh@ER. Wi, A EEMBEIE S EAEE R RE

These quasinormal frequencies are studied within the framework of perturbation theory of black hole
space-times. In the case of the Schwarzschild black hole, the gauge invariant perturbations were originally
introduced in Refs. [24, 25], and their gauge invariant formulation in Ref. [26]. They can be divided into
two sectors according to their polarity: axial and polar perturbations. Their equations of motion are similar
to the ones of a massless Klein-Gordon field (These equations are derived assuming the Einstein equations
on a generic spherically symmetric background with vanishing Einstein tensor. The loop quantum gravity
effects we will discuss stem from modifications of the background. There could be additional effects due to
modifications of the Einstein equations themselves, we are ignoring these as a first analysis of the problem.).
After factoring out the time and angular dependencies (the background geometries are static and spherically
symmetric), the radial parts ¢ , (r) satisfy the equations of motion

XL ETE MR R L R TR N S U AURE S PIT TSI, 14 50 LU AT, Ve A2
HISCHR [24,25] 51N, HATEAZLFE WSCHR [26], ARFE(mIRIE PR E 0 N 2E: B G m iy
o —FE Rz TR S TR vk - B TR A AR (XL 75 AR R S 5 T Z RIH KRR
THI—BERSIRE R e Z KEHET R, AN E R 751 RN IR B B REIE, (ENFERT)
Lo, BTN T & KIHTIE T A BB IR RATEINEN ), 7> B I R RS (8 =L
NEFSERAFR), R g0 (r) PEBENTTHE

azwcﬁ,é’ ~ _
—7 [@* =V, ("] Yz, =0, (76)
where ¢ is the mode number associated to the spherical harmonic Y ,,, (6, ¢), @ is the (dimensionful)

frequency, V , (1) an effective potential, and r, is the tortoise coordinate defined as

Hor ¢ B0 RERIE R EATEL, Y 4 (6,9), @ 12 (BRAIL) IR, vV, () BEXS, r 2EXAT

EOREEREEY
_|F r)
dr, =4/ o) dr. (77)

Here, F (r) and G (r) are some of the components of the line element of the spacetime that we can write

as

fEE, F(r) MG (r) BNZEoThE T8, JATATLUELEITE N

ds? = —G (r)dt? + F (r)dr? + H (r) dQ2. (78)

QNMs of black hole space-times, as originally proposed in Ref. [27], are those solutions to the radial

equation (76) with boundary conditions
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IEANSZHR [27] BRI HEY, FRIAR 22 HEIENRRZOR R AR (76) R AN RIS A PFRIAR

e (1) e~ @ners p 5 4o

Yo (r) ei@ners p 5 —oo. (79)

The resulting frequencies @, , belong to a discrete subset of imaginary numbers, with the imaginary part

of @, , being positive. In this way, QNMs will dissipate in time.
FENIR @, , BT RBEETE, Ho,, WEEHNIE, KEENR SN B
In the case of axial perturbations, the potential has the form

AL, By

W)= 60| SR - R (50)
where
Hr
R(r) = 2 N 1 <G’ (nH'(r) F' (nH (r) 3[H (r)]2 + H" (r))
TH®@ FW\4G(rH®F) 4F(H®G) 4H2 (r) 2H(r) )’
(81)

with the primes denoting derivative with respect to r . For the polar perturbations, the potential is

W=t r KRG XFARAMIL, o

- =G(r)(€—1)2(€+2)2 (—1)(€+2)+2
PV, (r) e [ 0 +R(r) (82)
H(r)R(r)’ HmRm]
2 (-1 (C+2)+ —2—)|,
€ -1 +2)° <( D+ +—3 )
with
Hrp
A, =@ —-1)(¢+2)+H@R®C. (83)

To compute the complex frequencies of these QNMs, one can use a WKB method. Here, one needs to

solve for @, , in the equation

LRI E B A E A%, v DR WKB /5%, WINFREREAEY @, ,, RN
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@hp =V o (F) =/ =2V (F)

(n+3)+ ZAm04 (34)

The functions A(l) (7) codify high-order WKB corrections, which depend on @, ; itself and on the deriva-
tives of the corresponding potential evaluated on its maximum located at V, (7) = 0. Closed-form expressions
for AY ne (F) can be found in Refs. [28, 29]. Interestingly, in the case of the Schwarzschild black hole, the quasi-
normal spectrum of axial and polar perturbations is isospectral, namely they agree, despite their potential
being different. However, the origin of this agreement was already noted in Ref. [27] and explained in detail

in [30] as a consequence of the covariance of Eq. (76) under Darboux transformations.

B AL, (7) 4iHS T WKB IIEIMEE, BIERURT @, , A5, DARKRBERRKE V; (7) = 04
MFH AL, (7) AR FIAR AT SRR [28,29] FFHREL, EAFHERIR, WTLRPARER, Hr
%ﬂn*&ﬁﬂﬂcﬁﬁ(ﬁiﬁ‘m&%ITFﬁEI’J RIRE “HMBEAR, HEENGENTEE—8 X —8Eri
JRAESCHR [27] PRt C&sdath, FHESCR [30] FRS2] T IR RRE: HA TR 7512 (76) fEIAM 2L T
P PERIZE R,

However, in the case of the effective geometries discussed in this chapter, a detailed calculation in Ref.
[31] shows not only that their quasinormal frequencies deviate from the classical black hole but also that
isospectrality is violated. Nevertheless, these deviations are small for macroscopic black holes, since they
decrease fast with the radius of the horizon. For instance, if one chooses in Eq. (62) the parameter §x = x ,
those deviations decrease with the power (rg /€P1)_2/3 , while for §x = ¢/ (2r,) , they decrease as (rg /1,”1)1)_4/3
, for any choice of n and ¢ . In Table 1, we show the numerical values of the dimensionless quasinormal

frequencies, namely w;,, = (rs/2G) @, ¢ , as is usual in the literature.

(ERAZFIHER A XU LIS, SOk [31] FRAOREAIHE R (RIS AR IE AR 5 2 MU R
B E IR 7 E R, RIS MMENE] TRR, T8, X E MBI, Bl

SREEI LA AT RS, B, #ER (62) RIS ox = xo, IXERES UFER
(rs/ep) 2 BEW; TIRHERIEIR n Fl €, MBUAR 6x = 02,/ (2r0) W, (RZE2DA (re/ep) ™ K
REE, MR IR, RIOGH T ITRANEENFRIEAE, BRI 0 = (r5/26) @ o

Recently, there have also been interesting investigations of alternative black hole models in loop quan-
tum gravity in terms of quasinormal modes [33], also including the possibility of observations with the Event

Horizon Telescoope [34].

TEER, fEREE T 5 HESR N A A DT e E NI 59 R IR B RDT A BT 5 [33], HApik
EFEA P E A SR B B A TN B T REME: [34],

Mini-Superspace Approach: Kantowski-Sachs Models

e 22 0] 75 12 PAERITAE- B 5l S

Another complementary approach for the quantization of black holes spacetimes, which usually focuses
on singularity resolution, restricts the study to the region inside the horizon. This region is (classically) iso-

metric to the (vacuum) Kantowski-Sachs cosmologies. The homogeneity of the spatial hypersurfaces allows
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one to apply LQC quantization techniques. The literature on the topic is considerable (see, for instance, [5,
35-45, 47-49]). These models, due to homogeneity, have two kinematical, global degrees of freedom, cor-
responding to the independent components of the Ashtekar connection and the conjugate densitized triad,
usually denoted by the conjugate pairs (c, p.) and (b, pp,) , respectively. The Hamiltonian constraint involves
the curvature of the connection, which in the quantum theory is written in terms of holonomies of the grav-
itational connection around suitable loops with a minimum non-zero area. The dynamics of the system has
been studied in most of the literature by assuming an effective description.

RTINS 23 B R 59 — M AN T B W RT3 R, R S FRAAE AL SR AR X 38, 1 IX 3R
(ZIUZRT) FHET (BD) STICRUTE- Pl i, 2 Rt 57 S A TR] BUSL A LQC
B, KT Z BRI S 5 (BIAZ I [5, 35-45, 47-49]), HITFFIRME, IXLERIR
EM DB ERR B EE, 7300 R RS FIHIEE L =0 BRI 0 &, @5 At
HEXS (c, pe) M1 (b, pp) 73AIFIR, WEMLRE SBeih R, 8T, thR2EL51 45t
HA R/MEZHR & IE 0] # 1 2 AERE R R 8, BUA KR SCRRER s %A R R i 1 %
RANTIES

Table 1 Quasinormal frequencies for the first overtones of axial and polar perturbations. In the first
column, we show the results for the Schwarzschild black hole (due to isospectrality we do only include axial
perturbations). In the second and third columns, we show the corresponding axial and polar frequencies of
our effective geometry, respectively. They correspond to the choice §x = xy and forrg = 10%¢p

72 1 Hhia AR s — iz B R HEIE AR, 55— 245 Hil FUPU R TRV 45 58 (T3, FRATMY
WEREPEN), 5 _HIFNEE =573 BIZE B FATE R LA B AR a SR AR A, BTN B2
i&ﬁi*% dx = Xo %D rg = 1031/01)

Quasinormal frequencies (rs = 103€p)

(n,€) Schwarzschild Axial Polar

(0,2) | 0.74733225-0.17792806i | 0.74736483-0.17720680i | 0.74749081-0.17733983i
(1,2) | 0.69322645-0.54811740i | 0.69401982-0.54578773i | 0.69407330-0.54597173i
(0,3) | 1.19888658-0.18540612i | 1.19894618-0.18468114i | 1.19897954-0.18471131i
(1,3) | 1.16528891-0.56259764i | 1.16577313-0.56034440i | 1.16577795-0.56043389i
(0,4) | 1.61835676-0.18832792i | 1.61841428-0.18758921i | 1.61842820-0.18759958i
(1,4) | 1.59326305-0.56866870i | 1.59363598-0.56640627i | 1.59364290-0.56643745i
(0,5) | 2.02459062-0.18974103i | 2.02464204-0.18899367i | 2.02464917-0.18899817i
(1,5) | 2.00444206-0.57163476i | 2.00474707-0.56936206i | 2.00475176-0.56937559i
(0,6) | 2.42401964-0.19053169i | 2.42406539-0.18977889i | 2.42406933-0.18978122i
(1,6) | 2.40714795-0.57329985i | 2.40740646-0.57101967i | 2.40740936-0.57102668i

Analysis of the effective equations of motion of these models shows that the singularity is replaced by a
space-like, 3-dimensional transition surface. It separates a trapped and an anti-trapped region. They corre-
spond to black hole and white hole regions, respectively. However, different approaches in the literature differ
in the choice of the loops of the holonomies that regularize the effective Hamiltonian constraint, namely in
the choice of two quantum parameters, denoted by &, and J.. . The choices can be classified into three broad
classes. In general, they are proportional to the (square root of) area gap A times a function, which can be dif-
ferent for each parameter. In [35,36,42] these functions are constant; in [5,45,47] they are chosen as functions

of Dirac observables (functions on phase space constant along dynamical trajectories); and in [37-40,43,46,48]
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they are more general functions on phase space (non-constant on dynamical trajectories). As was noted in
Ref. [5], some of these choices have undesirable or puzzling features with no clear physical origin. With this
motivation, and adopting the strategy in which §; and &, are chosen to be functions of Dirac observables,
reference [5] suggests a judicious choice for these parameters where the area enclosed by the loops at the
transition surface equals the area gap A of loop quantum gravity. As a result, the transition surface is always
located at the Planck regime while there is an excellent agreement with classical general relativity in low-
curvature regions. Moreover, reference [5] also extends the effective description to the asymptotic regions
and shows that the effective metric is smooth across the horizon, the surface joining the exterior and interior

regions.

XX LA BOBHN T FERI TR, A s S I = 4 S Hh i B, %R 2 FE T AR X 35
FIRBHFIRKIR, =35 20 BIx B S T DX 33 R X8, Ao, B SRR [F 7 IR A IE M 200
FMA R R EERE L REER, BECRHER MR TFSRNERRR, 128 6, A1, . X
LR AR N =K, —m s, EN15HHEER A (FER) e, mERbA—1D g, WA
SEOS AR BT ARl FESCHK [35,36,42] W, IXEERRECRHEE 1E [5,45,47) 1, EAIECHIK
oz e UL £ ) BRI 25 (BIAE 23 [R1 s 30 1) 2SR AR I R ) s TE [37-40,43,46,48] 1, EATT/ZAHZE ]
BRI QRN IR ARE R, IEANSCHR [5]48HEY, MR BERFEANSEHEES A
PRIEKARENE, BOE R IR, EFIX—al, FRSRA 8, il 6, BCARKHL v nl Wil & R £
Mg, SCHR [5] MIXEES B T T — NS BRI RE: I i R m Ak B B R AR S T &R 5 1
PR A o S5HRIH, S IEMEGAN T AR X, RN EIRER XIS S A e & E Y
Ho AN, SCHR [5] A IR FRENL X, UERATE RS RAELSL QR M DX ISR AR X 4
(R _EANAE YN

The effective space-time line element of these geometries is given by the expression

XL T UM A RN B St Rk~

2
8apdx?dxP = ds? = —N2dT? + ——dx? + |p | (d6? + sin’6d4?), (85)

| c|
where L, is the length of a fiducial cell introduced to avoid spurious divergencies due to the non-compactness

of the spatial slicing, and N is the lapse function

Hrp L, ot RS R A AR R M= A O & BT 5 | ARSI TR, N RIS L

_ ypi?s,
" sin(8,b)’

with y the Immirzi parameter (we chose it to be equal one but we leave it here explicitly). The effective

(86)

Hamiltonian (constraint) of the system is

Hrpy BOCK/RGTSE(BMERHHEON 1, EERIAE H), RIHH IS E (L5) N

_ 1 [ sin(8.0) sin (§,b) y25,
Heff [N] - 2G]/ [2 5c Dc +( 5b + sin (5bb) Pp (87)

One can easy see that in the classical limit §;, — 0 and §, — 0, one recovers the classical limit of the

lapse function N and the classical Hamiltonian. The dynamical equations for the phase space variables are
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. 1(sin(8pb) V]S ._ . sin(5.c)
b= 2( 5, Tsne,p) T %6, (88)
and
il
252

: Py ad :

= —cos (6 b)(l——), = 2p.cos(6.¢c). (89)
Py D) b Sin2 (5bb) Dc Dc c

It is easy to integrate the Hamilton’ s equations for b,c , and p, , while we obtain the solution for p,

using the effective Hamiltonian constraint H . =~ 0 on shell. The solution is:

BATRI DARB B 1S3 b, ¢ Tl p. KIMGEWOT M, HAMATRARIGETLIR Hoy ~ 0155 p, B9
fie, fRANR:

d.c (T)) _ _YLySe 7
tan( 5 =F g ¢ (90)
21282
yLgSe _
pe (T) = 4m? (eZT + e 2T>, (91)
cos (8,b (T)) = b, tanh (% <b0T + 2tanh™" <bl>>) 92)
o]
where
Hrp
by = (1+7262)"" (93)
and,
JFH,
sin (8,¢(T)) sin (b (T T
o (T) = SR CD)sG@T) _ pe(D) (54)
O Op  sin’(Gub(T) o
2 7

One should note that the triad p, is bounded from below by p.| . = myL,d. in every effective space-

min

time, where

TEERIE, EFMARIET, ZT04 pe B pely, = myLod. N FR, Hi

min

__[siné.c
" [VLoc?c]pc’ =
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is the mass of the black hole space-time. In consequence, these geometries are free of singularities. One
can see that they define a transition surface from the trapped (black hole type) region to an anti-trapped
(white hole type) region. The improved dynamics proposed in Ref. [5], where the minimum area conditions

are imposed at this transition surface, after a detailed calculation, show that, in the large mass limit,

RN ER TR, Fit, XU FEER R, A BRI ENE T MERX CRIFRY) B 524K
X (EiREY) BT, SCHR [S] 32 RSO 1 A A izad i RN T R/ NIRRT, S TE
MHHERY], ERREHRRT,

1/3 1/3
Va yA?
Sp=|———| , Ly,5, = . 96
’ (\/27ry2m) o 2<4772 ) 46)

Therefore, &, and d, are fixed once and for all to these values, even if one evaluates the effective geometry

away from the transition surface.
KIt, BIEfE B I A A B AR LM, 8, 1 6, AR E T N IXLE(E,

The resulting effective interior geometries can be given explicitly. They have some interesting properties.
For instance, curvature invariants, evaluated at the transition surface, defined by p. (T) = 0, have universal
upper bounds that are mass-independent (in the large mass limit). Concretely, the (square of the) Ricci scalar

has the asymptotic form:

RASZIRARAEI LA DR RGH, eNBSEE TESBIER. flan, B p(Tr) = 0 € XK
I Hh b RS A R B AR O R A E LS CREERIR ). BAmS, Habs
2 (I°F77) BfEnair

1
3

R*(Ty) = m+o<<£> lnm{); (97)

4A2 m2

the square of the Ricci tensor has the asymptotic form

HASKER VT BA#HLE X

25672 A m?2
b .
RpR* (Ty) = Az +0 ((—2) In N ), (98)

the square of the Weyl tensor has the asymptotic form

SMRIKE R BA#NLE X

1
102472 AN m?
bed _ .
Cabcdca ¢ (T.T) - 3y4A2 + O <<m2> ln A )a (99)

and, consequently, the Kretschmann scalar K = Rg},.qR*“? has the asymptotic form

Kk, e SRR K = RypeqRP? HEWNAHA
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7687 AN m?
KTy =20 +0( (o) m % ). 100
Hence, the non-vanishing of the Ricci tensor and the Einstein equations imply that there is a nontrivial
stress-energy tensor. Actually, Ref. [5] showed that this effective stress-energy tensor violates the strong en-
ergy conditions. Moreover, it decreases fast away from the transition surface. Hence, the effective geometries

are in very good agreement with the classical geometries close to the past and future horizons.

Hitt, BaErskRIEFLSGZRNER AR, FEIRF LRGSR R, Khr B3k [5] ELIEMN, %
ARURES K BIEHIRAER A, WAL, BRI PR, Fit, 5T EMARMIAR
KRS, AR LS 2 U8 E AR &

All these properties of the interior geometry of these effective Kruskal geometries are unique. In partic-
ular, the prescriptions in which 6, and &, are chosen to be constant, either they give results sensitive to the
value of the fiducial parameter L, or the curvature at the transition surface has no upper universal bounds
[35,36,41,42,44,45,47] . Other prescriptions where they are chosen to be functions of Dirac observables
show a similar issue with curvature invariants at the transition surface, and they also give a white hole geom-
etry with a very large mass compared to the black hole mass [37, 38,43,46,48] . The physical origin of this
large difference is still unclear. Finally, the choices for 6, and d.. that involve more general functions on phase
space, so far, either trigger large quantum corrections at regions where one does not expect such deviations
from the classical theory or the improved dynamics conditions are no longer valid, and they cannot be trusted
(see [5] for details).

XA e B BT R /R TLART B N T LART A B 6 B R R M — 1, LR B, & 5, 1 5, BUNE
BT R, BLBERNZESE L, WBUEBUR, B0 05 b b 0 h 2 R 17 76 518 B 57
[35,36,41,42,44,45,47] o ¥ 5, F1 8, BOMPHL v r] WL 2 pRER T HLAh 77 52, 163 I ph T () Hh 28 A2
& FWAAERLINE, HRSER ) UB R T 2RI B [37, 38, 43,46,48] . IXFIERZERHY)
HRIR AT AE R, fa, WRAMESEET RECRIER 6, #16, A%, BIHETIE, AR
TEIR AT 2 B A SO R XIE | R KRB IE, BSOS %A ERL, SR
18 (4775 DSZRR [5])o

Moreover, Ref. [5] also introduced the extension of the effective geometries to the exterior region. They
suggest adopting the same spacetime foliation (i.e., a homogeneous slicing). However, the intrinsic metric of
the hypersurfaces has Lorentzian signature (they are not space-like as in the interior). Therefore, the signature
of the internal space for the gravitational connection and triads also has signature -, +, 4+ . This implies that
the internal gauge group is now SU (1, 1) (rather than SU (2) ). Keeping this difference in mind, the phase

space variables for the exterior region can be obtained simply by making the substitutions

AN, SCBR [5] IERERU UMIERE] T MBI I, 1F i BCR MR RN 2 M2 (RIS iRY)A). 1B
i I N A BRI RE S 2 (MENEIRFEZ 1)), BlIt, 5IBREGE I =—TTH ISR S22
WARF, +, + o XEWENIEEIIAEZ SUQ, 1) (TE SU(2) ). IFERX—ERE, RF@EdR
H BITATAS Z MR X S A 2 ) 2

b — ib, py = iPp; ¢ = & pe = Pe- (101)

The Hamiltonian constraint for the exterior region now has the form
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(102)
Hamilton’s equations can be obtained and also easily integrated. The resulting exterior metric admits a

closed-form expression given by

DS HIEET R, BRGS0, MR ER SR RAREX, TS

&apdxdxl = g,,dt? + g,,dr?* + R?dw?, (103)
with
Hr
1+€ 14\ 2 1+¢
(= s 2_2fs
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(104)
o\ 1Fe 2
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R o M)
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r r 2
((—) —1)((—) 2+¢) —52)
rs rs
and
H
27252 27252.2
2w a2 f2r YLOOE o7\ 2 y"Loders
R := p.=4m (e + a2 ¢ >_r <1+—16r4 , (106)

1
whererg := 2mand1+¢ := (1 +y25%)2 .

1
A rg i=2mMfl14¢ = (1+y25.25)2 .

This metric has several interesting properties. For instance, in the limit in which §; — 0 and 65 — 0
, one recovers the Schwarszchild metric in its standard form. Besides, it is asymptotically flat, but the fall-
off conditions are not the standard ones [62]. Here, several curvature scalars computed out of the Riemann
tensor (in particular the Krestchamnn scalar) decay as r—* rather than r=% , as in the classical case. Despite
this non-standard asymptotic behavior, quantities like the ADM, Ricci, and horizon energies are well defined,
and they agree up to small corrections (in the large m limit). Moreover, one can actually check that, even for

microscopic black holes with masses, a few orders of magnitude larger than the Planck mass, deviation from
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the classical theory appears at distances many orders of magnitude beyond the current Hubble horizon size
5Gpc ~ 1061€p1 (see [49] for details).

ZEMEA TUMES TR G140, 24 6: - 01 65 — 0 BURKRI, FfiTA] DUSEIFRIER A
FUPHEERL, AN, ZERURINLFER), (HERREEEAIF AR [62], 1AL, HERE5K
EIMRESINZ DR E TR SR E) 1% r—* R, MARZILEE N r =ik, RE
IXAREAT R AR, {5 ADM iR, HEERERMYUTERIX LY BRARE LRI, HAE
R m R, AT HEE R EAEERMIMEIE, AMRATTIE AT DASIE, B2 PR b B v i &
BRI, H S A He ) w2 U HHEEIZ K T MR EIIAR ST 5Gpe ~ 10% 65
HIEE AL (LSRR [49])o

Finally, we would like to mention that the near-horizon geometry agrees very well with the classical one.
By means of quantum fields propagating on static space-times and using Euclidean methods, one can easily
calculate the temperature associated with the Killing horizon. The result (see Ref. [49]) is

RIGEANTESRL, TS LA U S13RE . e SN = LEERE T, HEH
BOLESGTT%, BT DURE Zithit B HE RS AR, S5R4WT (250K [49])

h 1

Ty= —b =
H™ 8rkgm (1 +¢,,)’

(107)

where kg is the Boltzmann constant, and

Hb kg BBUREEHE, H

8/3

1
1 [ yAz
em._256( Zﬂm) . (108)

This correction is tiny, even for microscopic black holes. For instance, for a black hole of 106MP1 , the

correction to the Hawking temperature is as small as 1072 , while for a solar mass black hole, its value is of
the order of 4 x 107196

XAMEEAER RN, B R IR S W antt, flan, XFRRER 10°My R, ESiEE
MIBIEACR 10720 5 WA FRBHBT R R, BEMRRLHN 4x107%°,

We would like to conclude this section by mentioning that, although these models have been studied
mainly within the effective dynamics approximation, some few contributions have been focused on the gen-
uine quantum theory. For instance, [41] explored the solutions to the difference equation proposed in [35].
In [42], after a reduced phase space quantization, the authors compute the physical states and derive the ef-
fective dynamics of semi-classical states. Besides, Ref. [50,51] shows that the spectrum of the mass operator
is discrete with a minimum non-vanishing eigenvalue, indicating that the final fate of evaporation can be a
stable black hole remnant. Moreover, [52] explores for the first time several properties of physical quantum

states of the model proposed in [5].
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Besides, other proposals have been motivated or derived from the full theory and include additional
corrections into the effective Hamiltonian constraint. This is the case, for instance, of Refs. [53-56]. These
modifications affect mainly the interior region beyond the transition surface. There, one does not recover
a classical white hole geometry. However, there is agreement with respect to singularity resolution and the
right semi-classical physics close to the black hole horizon.

AN, A HAR B eI s e B EIC R AR M R, XET REAMRE ML RPN T
HIMEBIE, BIANSCHR [53-56] MLRIX G I, IXLEAE M T BERZNAAH 22 I AN AY X IEK: AR XA
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ghite 5,

Conclusions

Gile

We have given an overview of some of the most relevant contributions on spherically symmetric loop
quantum gravity, which is based on assuming spherical symmetry in the classical theory and then quantizing
the resulting reduced model. We start the discussion with models where the slicings are inhomogeneous out-
side black holes and that can penetrate the interior and go over the region where the singularity used to be in
the classical theory and be continued beyond there smoothly. The singularity is naturally avoided if one de-
mands that the metric be a well-defined self-adjoint operator. We also discussed the charged case, potentially
observable effects by studying quansinormal ringing and the covariance of the approach. It should be noted
that this treatment completes the Dirac quantization of the system and analyzes its semi-classical properties
in terms of Dirac observables. It is the first such treatment in quantum general relativity in a field theoretic
context. Some recent proposals, like [57] discuss a covariant effective description where no abelianization of
the constraint is required, provided one adopts a partial polymerization of geometrical variables (in this ap-
proach, an extension where all connection variables are polymerized is still unknown). Moreover, in the last
years, several models of collapse, discussing black hole formation and even evaporation, have been proposed
in [58-61]. The studies adopt numerical approaches that allow them to probe the formation of a dynamical
horizon (black hole type) and critical phenomena [58,59]. Besides, in Ref. [60, 61], the authors show that once
the matter reaches the high curvature region, it bounces, forming a shock wave that eventually evaporates the
black hole in a time that is proportional to the square of its mass. A different conclusion is reached in [63].
Additional models for collapse without local degrees of freedom can be seen in [64].
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We have also discussed other approaches that exploit the simplicity of homogeneous slicings in spherical
symmetry. In this case, black hole dynamics can be described by means of few global degrees of freedom. Some
of the most recent treatments introduce novel choices of the length of the plaquettes of the loops resulting on
effective geometries that solve some of the problems found in previous proposals. Most of the models agree
in some of the physical properties of the trapped interior region and singularity resolution, but the fate of the

geometry beyond this quantum region is still a matter of debate.
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